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Abstract

Diphtheria is an upper respiratory tract disease caused by the bacteria Corynebacterium Diphtheriae. Diphtheria
is a dangerous infectious disease, because there were 23 deaths from 529 cases in 2019. The data used in this
final project research is secondary data taken from the Health Office in 2019. The number of deaths of diphtheria
patients is calculated data and the assumption is distributed as a Poisson distribution. . The number of zero data
of 73.5 percent indicates an overdispersion of the response variables. One of the conditions of Poisson
Regression is that it requires equality between the mean and variance, this model is not appropriate to be applied
to the dispersion below and above. The Zero Inflated Conway Maxwel Poisson (ZICMP) regression model can
be an alternative because it is flexible for under- and over-dispersion data and can solve the problem of excess
zero values in the response variable. In this study, ZICMP was applied to mortality cases in diphtheria patients
in Indonesia. This study aims to examine the probability function and develop an algorithm to estimate ZICMP
parameters and apply the ZICMP model to mortality cases in diphtheria patients. The Maximum Likelihood
Estimation (MLE) method is used to estimate the parameters in ZICMP and the probability function is
maximized using the Expectation-Maximization (EM) algorithm.

Keywords: Overdispersion; Zero Inflation; Zero Inflated Conway Maxwel Poisson (ZICMP); Diphtheria.

1. Introduction

Diphtheria is an infectious infection caused by Corynebacterium diptheria (Huwae, 2012). Diphtheria is
characterized by sore throat, fever, and the formation of the lining of the tonsils and throat. This disease spreads
through direct physical contact, or through breathing in the air containing secretions from patients who cough
or sneeze (MOH, 2019). The Indonesian Ministry of Health noted that the number of diphtheria cases in 2019
spread to almost all regions in Indonesia. The number of diphtheria cases in 2019 was 529 cases, the number of
deaths was 23 cases, with a CFR of 4.35%. The number of diphtheria cases in 2019 decreased significantly
compared to 2018 (1,386 cases). The number of deaths due to diphtheria also decreased compared to the
previous year (29 cases) (Depkes, 2019). One of the efforts to reduce the number of deaths of diphtheria patients
is to continue examine the factors that cause it. The relationship between risk factors can be analyzed using
regression analysis. If the response variable used in this study is the number of mortality of patients with
diphtheria in the form of discrete data, then one of the regression models used is the Poisson regression model.
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Data analysis using Poisson regression must meet assumptions such as the variance and mean values of the
response variables are the same or equidisperse. In reality, this assumption is not fully fulfilled, because discrete
type data often experience cases of overdispersion (high deviation) and underdispersion. In fact, the calculated
data does not only experience overdispersion or underdispersion, but can also experience excess zero. Excess
zero is a condition when the percentage of zero values in the data is greater than other values. Count data
containing zero values can be estimated using Poisson regression. However, for data with a very large number
of zero values (excess zero) it requires a certain method to overcome it. If Poisson regression is still used, then
the parameter estimate is not suitable for the estimation of excess zero (Nadhiroh, 2009). This has led to the
development of statistical methods to overcome these problems. The proportion of excess zeros in the response
variable can cause data overdispersion.

Another option is being developed for alternative for modeling cases with numerous observations. that are
zero and overdispersion occurs, namely the Zero Inflated Conway Maxwell Poisson regression. Sellers and
Raim (2016) introduced the Zero Inflated Conway Maxwell Poisson model, which is basically a combination
of the Poisson distribution in the ZIP model with the Conway-Maxwell-Poisson (CMP) distribution.

To estimate the parameters, the Maximum Likelihood Estimation (MLE) method can be used in regression
models whose data follows a certain distribution. The MLE method is done by maximizing the likelihood
function. However, in general, the maximum likelihood function cannot be solved analytically. Therefore, if an
implicit or non-linear form is obtained, it can be solved using the Newton-Raphson (NR) algorithm, Fisher
Scoring, or Expectation Maximization (EM) to get the numerical solution.

Therefore, in this study, we will examine the Zero Inflated Conway Maxwell Poisson (ZICMP) regression
model using the MLE method, to maximize the likelihood function using the EM algorithm.

Based on the description above, this study aims to: (1) To examine the estimation of the parameters of the
Zero Inflated Conway Maxwell Poisson regression model using the Maximum Likelihood Estimation method.
(2) Determine the factors that influence the death of Diphtheria patients in Indonesia in 2019 using the Zero
Inflated Conway Maxwell Poisson (ZICMP) regression model

2. Material
This section will explain the research data, sampling techniques, and research variables.

2. 1 Conway Maxwell Poisson

The Conway-Maxwell-Poisson distribution (CMP) was first introduced by Conway and Maxwell in 1962
in the context of linear systems, which later became known as a generalization of the Poisson distribution
including Bernoulli and Geometrics as special and flexible cases for controlling underdispersion and
overdispersion. The COM-Poisson distribution developed by Conway and Maxwell with the same parameter A
as the Poisson parameter and the dispersion parameter (¢). random variable Y ~ COM-Poisson (1,v) and
parameters A > 0 and v = 0, the form of the COM-Poisson probability function is defined as follows (Shmueli,
2005):

P(Y =y|4) = ,for y=012,..014>0,¢ =0

Ay
(CIDLACTD)
2.2 Zero Inflated Conway Maxwell Poisson

Sellers and Raim (2016) introduced the ZICMP model, which essentially replaces the Poisson distribution

in the ZIP model with the Conway-Maxwell-Poisson distribution. The advantage of ZICMP is that it can handle
not only overdispersion but also underdispersion in a count. ZICMP is very flexible because it allows dispersion
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in all directions. The probability function of Conway Maxwell Poisson's zero-inflated regression model
(ZICMP) can be expressed as equation (Sim, 2018).

ni+(21(;—gi)), fory;, = 0
P(Y;=y) = /{y
l(l - ni)m, fory; >0
3. Method

3.1 Data Sources and Research Variables

The case data used in this study is data on the mortality rate of diphtheria patients in 2019. The data
used in this study is secondary data obtained from the official website of the Republic of Indonesia Health

Service, https://pusdatin.kemkes.go.id. Completely the research variables can be seen on table 1.

Table 1. List of Variable

Variable

Variable Name

Endogenous

Y; = the mortality rate of patients
diphtheria in each province

Exogenous

X; = Percentage of Poverty (%)

X, = Percentage of Malnutrition (%)

X3 = Percentage of Population Accessing
Clean Water (%)

X, = Percentage of Food Management
Places (Tpm) Meet  Health
Requirements (%),

X5 = Percentage of Public Places that
meet Health requirements (%),

X¢ = Number of Hospitals

3.2 Step of Analysis

The research steps of the ZICMP regression model using the Maximum Likelihood Estimation (MLE) method
and the Expectation-Maximization (EM) algorithm on the mortality rate data of Diphtheria patients in 2019 are

as follows:

1. Perform a Poisson distribution fit test
2. Perform Overdispertion Test

3. Perform Multicollinearity testing

4

. Estimating Zero Inflated Conway Maxwell Poisson (ZICMP) regression model parameters using the MLE

method with the EM algorithm

5. Applying the Zero Inflated Conway Maxwell Poisson (ZICMP) regression model in the case of mortality of
Diphtheria patients in Indonesia in 2019 with predictor variables are the factors that are considered to have

an effect on Diphtheria cases
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6. Performing parameter significance test simultaneously and partially one-on-one
4. Result

4.1 ZICMP Regression Model Parameter Estimation

The estimation of the Zero Inflated Conway Maxwell Poisson (ZICMP) regression parameter in this
study uses an iterative technique, the Expectation-Maximization (EM) algorithm. Before that, it can be seen
that the Maximum Likelihood Estimation (MLE) from the ZINB pdf in Equation 1 is as follows:

(1-m;)

T+ , fory; =0
Apv)
P(Yl. = yl) = AYi (1)
(=7 Gz forvi>0
j
With 0 <m; < 1,v; = 0,v are the dispersion parameters and Z(1;,v) = X7, # normalize the

distribution.

Lambert [9] suggest a combined model for A; and 7; is:

In(4,) = X/ B (2)
A = exp(XI'B)

And

logit (m;) = ln( T ) =Xy 3

1-m;

The results of Equation (2) and Equation (3) are substituted into equation (3.1) to get the following Equation
4.

exp(X7y) 1 ( 1 ) for y, = 0
P(Y, = y,) = 1+ exp(X[y) 1+ exp(X[y) \Z(2;,0)/’ : @
G 1 xTB)]Vi
[exp(X{ )] for ;> 0

1+ expX]y) iD)¥ Z(A;,v)°

X is a matrix of size n X (p + 1) that contains predictor variables related to the probability at zero state and
CMP state, while v,y and B are a vector of size (p + 1) X 1 from the regression parameters to be estimated.
The form of the likelihood function of the Zero Inflated Conway Maxwell Poisson (ZICMP) regression model
can be written as equations (5) and (6).

fory; =0

L(v.ﬁ,y;yi>=]l[[ )b e (7 )| ©)

L L1+ exp(XTy) 1+ exp(XTy)\Z(A;,0)
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fory; > 0
v; Vo YVi) =
v L L1+ exp(X{y) i)Y Z(2;,0)
Thus, the form of the total In-likelihood function is is as follows.
InL(v,B,y;y:) = Z In[exp(XTy) + (Z(A;,v))] - Z In[1 + exp(X]y)] Z In[1 + exp(X]y)]
w
+ Z(yi xR ~ Z[v InGy] = ) nZ(v) @
i=1 i=1 i=1

The probability function of the Zero Inflated Conway Maxwell Poisson (ZICMP) regression model
consists of two conditions, y; = 0 and y; > 0 and it is known that the response variable y; in this study also
consists of two conditions, namely zero state and COMPoisson state. So, to describe the condition y; in detail,
it will be redefined variable y; with a latent variable Z;.

In order to maximize the likelihood function on data containing latent variables as a result of the
definition of new variables, such as variable Z; on the equation, another iterative method is available. This
method is called the EM algorithm. Determine the distribution of the latent variable Z; before moving on to the
expectation stage, which is represented by equation (11).

_ _ T, IfZi=1
Pai=2={{" . iy ®)

When Z; = 1 then the opportunity for Z; will be equal with opportunity y; in the zero state condition that is
equal to r;, meanwhile when Z; = 0 then the opportunity for Z; will be equal with the opportunity y; in the
COMpoisson state, which is (1 — m;). Furthermore, a joint distribution is formed between y; and Z; which is as
equation (9).
exp(XTy) . 1 1 o
( ) 1+exp(XTy) + (1 Zl) 1+exp(XiTy) (Z(Ai,v))' for Yi= 0

P(yi,z) = 12y [exp(x7B)]”" ®

D o (Ty) v zagw * 07 Yi >0
While the likelihood function is as follows:
fory, = 0
n
exp(X]y) 1 1
l ) ) .I [ = H i o T N 1 - i < ) 10
(v ﬂ Y|yl Zl) L [(Zl) 1 + eXp(XZ'y) + ( Zl) 1 + exp(X;[‘y) Z(Ai, U) ( )
fory; > 0
1 [exp(X] )]
l = 1- 11
W Bybvez) = [( 1T eI 0iD* 20 v) an
With the total In-likelihood can be given by I, = L(v, B,¥|yi, Zi)y,= 0 + LW, B, VYV Z)y;> 0 :
n n
Le= ) @Xly) —In(1+exp(XTy) ) + ) (1= (01 X[ B) = wIn(y)) = (nZ(A )] (12)
i=1 i=1
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To get the maximum value of the likelihood function, the first and second derivative of the In-
likelihood function for v, B and y is carried out as follows:

M Z(1—zl)[ ln(yﬁ—_(_)]

Sl -2

azl(viﬂlyi'zl

ovov
ol(v, Blyi, z;) T
oo - Z(l—zl) | - (ap)]
62l(v:ﬁ|3}iﬁzz i 1 )
3B B) Z(l 2) [22 (5% 6BT> "7 (fma/ﬂ)]
azl(vlﬂlyi'zl i 1 azzi
d(v)a(B) Z(l zi) (zz ( ) <ﬁ) 7 (aw;z))
ol(yly z) X! exp(X[y)
ay" Z (zXD) - Z 1+ exp(X[y)
2Uylypz) _ N XX [expGTP? (X7 X ] [exp(X]p)]
a(yNo(y) [1 + exp(X[y)]? [1+ exp(X]p)]

Expectation stage

Changing the variables z; with Zi(m)With m = 0,1,2, .... which is the expectation of z; as follows

Zl(m) = E(Zi |yi’ ‘y(m)’ B(m))
= P(zy;, v™,B™)

Fory; =0
_ 1
 L+exp (=X[y™ — exp (X] B™))
Fory; >0
Zl(m) = P(Zi = 0|y“y(m)'ﬂ(m))
=0

Maximization stage
1. Specifies the initial estimate for the parameter #(®and 7(®) obtained by the OLS method.

2. Perform iterations starting from m = 0 by entering 8(® dan 7(® to each gradient vector g and the

Hessian matrix H. Then iterate using the following equation

e = o — (05| g ()
And

P = o — [H(7)] " g (7)

(13)
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3. Repeat step 2 and step 3 over and over again. The iteration will stop when the parameters have
converged, i.e. when ||+ — B0™|| < 1073 dan ||+ — 0™ || < 1073 then, take ™D as an
estimate S and 7(™*D as an estimate ™

4.2 Description Data

4.2.1 Poisson Distribution Fit Test

The Poisson distribution fit test is carried out using the Kolmogorov-Smirnov test with the following
hypothesis:
Hypothesis
H, : Response variable with Poisson distribution
H; : Response variable is not Poisson distribution
Test Statistics :
Deount = maXan(Y) - FO(Y)l
The result is the value Dy ue = 0.060 < Dyap1e = 0.233, this shows that the number of cases of
mortality in diphtheria in Indonesia in 2019 has a Poisson distribution.

4.2.2 Dispersion Test

Poisson regression overdispersion examination is carried out using the Deviance value divided by
degrees of freedom with the following hypothesis:
Hypothesis
Hy : v =1 (Response variable is not overdispersion)
H; : v > 1 (Response variable overdispersion)
Test Statistics :

x2

V=—
db

The Deviance value is divided by the degree of freedom of 1.667 which is greater than 1, this indicates
that the number of cases of mortality in diphtheria in Indonesia in 2019 is experiencing overdispersion.

4.2.3 Multicollinearity test

Multicollinearity examination was conducted to determine the relationship between the predictor
variables that explained the regression model. Multicollinearity examination was detected using the VIF
(Variance Inflation Factor) value with the following hypothesis:

Hy : VIF < 10 (there is no multicollinearity between predictor variables)

H; : VIF > 10 (there is multicollinearity between predictor variables)
Test Statistics :

1 .
VIF; = s denganj =12,..,p
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Table 2 Multicollinearity Examination Results

Predictor Variable Value VIF
X, 1.581
X, 1.647
X3 1.551
X, 1.633
X: 1.476
X, 1.351

Based on Table 1, it can be seen that the relationship between the independent variables does not have
a strong relationship between the variables, so it can be concluded that there is no case of multicollinearity.

4.2.4 Zero Inflation Check for Response Variables.

Zero inflation check is done by calculating the percentage of zero observations on the response variable.
The following will display a bar chart that describes the frequency of the number of diphtheria diseases
mortality rates.

30
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20
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10

5

0 s _
1 2 3 10

W Frequency

Figure 1 Frequency Graph of diphtery disease mortality rates

Based on the diagram above shows that the very high frequency of observations that are zero is 25 times. this
show that there is zero inflation in the response variable because the percentage of observations is zero more
than 50 percent, which is 73.53 percent.

4.3 The Application to Data the mortality rate of diphtheria patients in 2019

The Zero Inflated Conway Maxwell Poisson (ZICMP) regression model aims to improve the data that
has overdispersion and excess zero in the dependent variable. The estimation results of the ZICMP regression
parameter, the value of the G statistical test and the Wald and AIC test are as follows:
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Table 3. Parameter Estimation of Maxwell Poisson Zero Inflated Conway Model (ZICMP)

Parameter Estimation Parameter Estimation

Bo 2.1769 Yo 4.2344
B -0.0289 " -0.0744
B, 0.1635 ¥ -0.1669
Bs -0.0110 ¥ -0.0088
B, -0.0825 Ya -0.0428
B 0.0325 Ys 0.0037
Be 0.0069 Ye 0.009

Test statistics G= 57.6

The equation of the Zero Inflated Conway Maxwell Poisson (ZICMP) regression model that is formed
is as follows.
a. Model count fi
i =exp (21769 —0.0289X, + 0.1635X, — 0.0110X5 — 0.083X, — 0.033X5 + 0.007X; )
b. Model zero inflation for
exp (4.2344 — 0.074X,—0.1669X, — 0.0088X; — 0.043X, + 0.0037X5 — 0.009X, )
1+ exp (4.2344 — 0.074X,—0.1669X, — 0.0088X; — 0.043X, + 0.0037X5 — 0.009X,)

T =

Based on Table 3, the simultaneous parameter significance test of the ZICMP regression model with
G was found to have a value of 57.6. Because the value of G = 57,6 > 22,36 = X(20,05;13) which means that

there is at least one independent variable that has a significant effect on the dependent variable.

Then the significance of each parameter of the ZICMP regression model will be tested using the Wald
test for the model (). Obtained parameter B4, B3, and S which is significant while the other parameters are
not significant.

Based on these conclusions, the following model is obtained:
i =-exp (7.675—0.346X; — 0.074X5 + 0.015X, )

For Model (), Testing the significance of the parameters individually used Wald test. Obtained only a
significant y, parameter.
so that the model can be formed as follows
exp (—1.316 + 0.028X, )
1+ exp (—1.316+ 0.028X,)

The interpretation of the model formed from ZICMP is based on the value of exp(f). And here is the
best interpretation of the ZICMP regression model:
a. For Model count fi

T=

Every 1 percent increase in poverty percentage (X;) it will reduce the average number of cases of
mortality in diphtheria patients by exp(0.346) = 1,4134 if other variables are constant. Every 1 percent
addition Complete basic immunization coverage (X3) it will reduce the average number of cases of mortality in
diphtheria patients by exp(0.074) = 1,076 if other variables are constant. Every addition 1 Number of
hospitals (Xg) it will increase the average number of cases of mortality of diphtheria patients by exp(0.015) =
1,015 if other variables are constant.
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b. Model zero inflation for 7
Every 1 Percentage of Food Management Places (Tpm) Meet Health Requirements (X,) it will reduce

_exp(0028) _ ) 5069 if other variables are
1+ exp(0.028)

the average number of cases of mortality in diphtheria patients by
constant.

The next stage is the selection of the best model in the ZICMP regression by looking at the AIC
(Akaike's Information Criterion) value. To select the best model, the AIC value for the Conway Maxwell
Poisson regression model was compared with the AIC value for the ZICMP regression model. Prior to that,
regression modeling was also carried out for the Conway Maxwell Poisson model on maternal and infant
mortality data using the MLE method so that the AIC value was obtained as shown in Table 4

Table 4. AIC values of the CMP and ZICMP Regression models

Model Regression Value AIC
Conway Maxwell Poisson 87.6
Zero Inflated Conway Maxwell Poisson 79.5

Table 4 shows that the ZICMP regression model has an AIC value that is smaller than the Conway
Maxwell Poisson regression model so that the ZICMP regression model is better than the Conway Maxwell
Poisson regression model.

5. Conclusion

The Zero Inflated Conway Maxwell Poisson regression model obtained on mortality data for Diphtheria
patients in 2019 is as follows:

a. Model count fi

i =exp (7.675—0.346X; — 0.074X; + 0.015X; )
b. Model zero inflation for 7
exp (—1.316 + 0.028X, )
1+ exp (—1.316 4+ 0.028X,)
The interpretation of the model formed from ZICMP is based on the value of exp(f). And here is the

best interpretation of the ZICMP regression model:
a. For Model count fi

T =

Every 1 percent increase in poverty percentage (X;) it will reduce the average number of cases mortality
in diphtheria patients by exp(0.346) = 1,4134 if other variables are constant. Every 1 percent addition
Complete basic immunization coverage (X3) it will reduce the average number of cases of mortality in
diphtheria patients by exp(0.074) = 1,076 if other variables are constant. Every addition 1 Number of
hospitals (Xg) it will increase the average number of cases of mortality of diphtheria patients by exp(0.015) =
1,015 if other variables are constant.

b. Model zero inflation for
Every 1 Percentage of Food Management Places (Tpm) Meet Health Requirements (X,) it will reduce

_exp(0028) _ ) 50,69 if other variables are

the average number of cases of mortality in diphtheria patients by Tt exp(0.025)

constant.
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